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Abstract 
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contributions without theoretical input. However, it is possible to obtain the weak 
phase if one makes a single assumption involving the hadronic parameters. With 
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flavour- changing neutral current by comparing the weak phase of B^-B^ mixing 
with that of the t-quark contribution to the b ^ d penguin. 
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1 Introduction 



In the near future, it is expected that experiments at 5-factories, HERA-B, and hadron colhders 
will measure CP- violating rate asymmetries in B decays thus yielding values of a, (3 and 
7, the three interior angles of the unitarity triangle. What is particularly compelling about CP 
violation in the B system is that all three angles can be extracted cleanly, i.e. without theoretical 
hadronic uncertainties. If Nature is kind, these measurements will reveal the presence of physics 
beyond the standard model (SM). 

The most obvious way to detect new physics is to compare the unitarity triangle as 
constructed from these CP angles with the triangle constructed from independent measurements 
of the sides. Any inconsistency will be evidence for new physics. The potential problem with this 
approach is that there are large theoretical errors, all related to hadronic physics, in extracting 
the lengths of the sides of the unitarity triangle from the experimental data. Because of this, the 
presently-allowed region for the unitarity triangle is still rather large . Thus, it is conceivable 
that new physics might be present, but we would still not be certain due to the theoretical 
uncertainties. Furthermore, even if the presence of new physics were clearly established, this 
method would not tell us which of the measurements of the sides and angles were affected by 
the new physics. 

In light of this, a more promising technique for searching for new physics is to consider 
two distinct decay modes which, in the SM, probe the same CP angle. If there is a discrepancy 
between the two values, this would be unequivocal, clean evidence for new physics. In addition, 
we would have a much better idea of where the new physics entered. 

In fact, there are several decay modes which can be used in this way. For example, 
the angle 7 can be measured using rate asymmetries in B"^ —>■ DK^ or B^{t) —>■ DfK^ 
And the angle (3 can be measured via B^(t) J/'^Ks or B^{t) (pK^ 0. In either 
case, a discrepancy in the values of the measured CP angles would be a smoking-gun signal for 
new physics. (A third possibility, which is similar in spirit to these two examples, is the CP 
asymmetry in B^{t) J/'^cj). To a good approximation, in the SM this asymmetry is zero, so 
that a nonzero value would clearly point to new physics.) 

If such a discrepancy were observed, what type of new physics could be responsible? Tree- 
level weak decays, being dominated by VT-exchange, are essentially unaffected by new physics. 
Thus, new physics enters principally through new contributions to loop-level processes, such as 
B^-B^ mixing or penguin decays 0. We can therefore conclude that a discrepancy in the 
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value of 7 as extracted from DK"^ and B^^{t) — > DfK^ is due to the presence of new 

physics in B^-B^ mixing. Similarly, since the decay B^{t) (pKg is a pure penguin process, 
new physics in the b ^ s penguin amplitude can lead to different values of (3 as measured in 
B^{t) J/'^Kg and B'^{t) —>■ (j)Kg. (If there were new physics in B^-B^ mixing, both of these 
decays would be equally affected, so that this could not be the cause of any discrepancy.) Thus, 
in both cases, not only would we be certain that new physics is present, we would also know 
exactly where it had entered. (Similarly, if the CP asymmetry in Bg{t) — * J j'^cf) were found to 
be nonzero, this would clearly indicate the presence of new physics in B^-B'^ mixing.) 

In all of these examples we are able to probe new physics in the b s flavor-changing 
neutral current (FCNC). The obvious question is then: is there a way to use this type of method 
to probe new physics in the b —>■ d FCNC? 

One possibility is to try to measure the weak phase oi a. b d penguin diagram. In 
the (approximate) Wolfenstein parametrization p|] of the Cabibbo-Kobayashi-Maskawa (CKM) 
matrix, only Vtd and Vub have signiflcant non-zero phases. These phases are two of the angles 
in the unitarity triangle: (3 = Arg(VJ^) and 7 = Arg(V^*^) (a is deflned to be vr — /3 — 7). The 
b ^ d penguin amplitude receives a contribution from an internal t-quark, and the product 
of CKM matrix elements found in this contribution is V^lVtd, whose weak phase is —j3. Thus, 
if one could compare the value of (3 as extracted from the t-quark contribution to the b ^ d 
penguin with that measured in some other decay (e.g. -B°(t) —>■ J/'^Kg), one might be able to 
detect the presence of new physics in the b ^ d FCNC. 

If the t-quark contribution to the b d penguin amplitude were dominant, this would be 
straightforward. In this case, one could simply measure CP violation in a pure b ^ d penguin 
decay such as B^ K'^K^ or 5° 4>Ks. In the SM, the CP asymmetry in B^{t) K^W 
is expected to vanish (the weak phase of B^-B^i mixing cancels the weak phase of the t-quark 
penguin amplitude), while the measurement of -B^(t) <pKs allows one to extract sin 2/5 If 
a disagreement were found between these predictions and the experimental results, this would 
be a clear indication of new physics in the b —>■ d FCNC. 

Unfortunately, things are not so easy. Theoretical estimates suggest that the b —>■ d 
penguin is not dominated by the internal t-quark. On the contrary, the u- and c-quark contri- 
butions can be substantial, perhaps even as large as 20%-50% of the t-quark contribution |TD[ . 
If this is the case, the CP asymmetries do not cleanly probe weak phases, and the SM predic- 
tions given above are altered. The asymmetries now depend on (unknown) hadronic quantities 
such as the strong phases and the relative sizes of the various penguin contributions, so that 
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a discrepancy between the above predictions and the measurements does not necessarily imply 
new physics. 

Still, if we could find a way to isolate the t-quark contribution to the b ^ d penguin, we 
could perhaps measure its weak phase, and thereby test for the presence of new physics in the 
b d FCNC. 

The main purpose of this paper is to examine whether such a method is feasible. We will 
show that, in fact, it is impossible to cleanly measure the weak phase of the t-quark contribution 
to the b ^ d penguin, or indeed the phase of any of the penguin contributions. The reason is 
fundamentally very simple: due to the unitarity of the CKM matrix, we have 

V:,V^a + V:,V,a + V,lVu^O. (1) 

This is the equation used to define the unitarity triangle. But the three terms in this equation 
are also the CKM matrix elements of the u-, c- and i-quark contributions to the b ^ d penguin. 
It is therefore impossible to isolate any one contribution - it is always possible to write a 
particular contribution in terms of the other two. In this paper we refer to this as the "CKM 
ambiguity." Since one cannot isolate the t-quark contribution, it is clearly impossible to measure 
its weak phase cleanly. 

However, all is not lost. If the CKM ambiguity could somehow be resolved, then it might 
be possible to measure the weak phase of the i-quark contribution to the 6 — > d penguin. In fact, 
as we will show, this can be done, but it requires making a theoretical assumption regarding 
the hadronic parameters of the penguin amplitude. Since such an assumption holds only within 
a particular parametrization of the penguin amplitude, this resolves the CKM ambiguity, and 
allows us to extract the weak phase of the i-quark b ^ d penguin, albeit not cleanly. 

We discuss the CKM ambiguity in more detail in Sec. 2. We also show explicitly that 
several methods which potentially could be used to extract the weak phase of the b ^ d penguin 
in fact do not contain enough information. In Sec. 3 we show that the CKM ambiguity can be 
resolved by making a single assumption about the penguin parameters, and give some examples 
of such assumptions. We conclude in Sec. 4. 

2 The CKM Ambiguity 

The full 6 — > c? penguin amplitude can be written as the sum of three contributions: 

^= E V:bV,aP,, (2) 

q=u,c,t 
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where we have exphcitly separated out the dependence on the CKM matrix element. In the 
Wolfenstein parametrization, the weak phases of the V*^ud-, Vetoed and V^^Vtd terms are 7, 
and — /3, respectively. 

Now, any one of the V*i^Vgd terms can be eliminated using Eq. (|l]). Thus, depending on 
which term is eliminated, there are several parametrizations one can use. For reasons which 
will become clear below, we call this freedom the "CKM ambiguity." 

Suppose, for example, that we choose to eliminate the V*fjVud piece. The penguin am- 
plitude can then be written 

p = v:,v,d{Pc-Pu) + v:,vu{Pt-Pu) 

= V,ue''^- +Vtue'''-e-'^ , (3) 

where we have explicitly separated out the weak and strong phases and absorbed the magni- 
tudes |V^b^d| and iV^foVf^l into the definitions of Vcu and Vtu, respectively. We refer to this as 
parametrization ^1. 

Suppose further that there exists a technique which permits us to extract the weak 
phase —13 in the above expression cleanly, i.e. with no theoretical input regarding the remaining 
hadronic parameters. If such a technique existed, then it would be possible to express —[3 (and 
perhaps the other parameters) entirely in terms of measured observables. 

However, if we had instead chosen to eliminate the V^lVtd piece from Eq. (0), we would 
have found 

p = v:,vuPc-Pt) + v:,vuPu-Pt) 

= Vcte''^' +Vute''-'e'^ , (4) 

where Vet and Vut are defined in a similar fashion to Vcu and Vtu in Eq- (0) above. We call this 
parametrization #2. 

The key point here is that parametrizations #1 and #2 are very similar in form. If 
there existed a technique which could be used to cleanly obtain —(3 from parametrization ^1, 
that same technique could be applied to parametrization ^2 to obtain 7. Furthermore, the 
function of observables which gives —(3 would be the same function which yields 7, leading to 
the conclusion that —(3 = 7, which is clearly false in general. 

This argument demonstrates that it is impossible to cleanly measure the weak phase of 
the t-quark contribution to the 6 — > d penguin, or indeed the weak phase of any contribution. 
This is due specifically to the CKM ambiguity, i.e. the fact that the h ^ d penguin does not 
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have a well-defined parametrization. (A similar conclusion also holds for the b ^ s penguin. 
However, in that case the situation is slightly different. For the b ^ s penguin, the c- and t- 
quark contributions are real in the Wolfenstein parametrization. And the w-quark contribution, 
which has a nonzero weak phase, is considerably suppressed relative to the others. Thus, to a 
good approximation, one can say that the 6 — > s penguin is real, so that the CKM ambiguity 
is irrelevant.) 

Even though this argument is quite conclusive, it is instructive to examine several meth- 
ods which one could conceivably use to attempt to measure the weak phase of the t-quark 
contribution to the b ~> d penguin, and see exactly how they fail. In particular, we are in- 
terested in counting the number of independent measurements, and comparing this with the 
number of theoretical parameters. As we will see, in all cases, the number of parameters exceeds 
the number of measurements by one. 

Before turning to specific examples, it is useful to estabfish some notation. Due to B'^-B^ 
mixing, a B^ meson can evolve in time into a mixture of B^ and B^. The time-dependent decay 
rate for a B'^{t) to decay into a final state / is 



+ J — — cos(AMi) - Im ( -A'*A'\ sin( AMt) 



, (5) 



where B^{t) is a S-meson which ai t — was a B^, and A' and A' are A(B^ — > /) and 
A{B^ — > /), respectively. In the Wolfenstein parametrization the mixing parameter q/p takes 
the form 

^ = . (6) 
P 

It is convenient to remove this mixing phase by redefining the definitions of the decay 
amplitudes, i.e. 

A = e'^A' , A = e-'^A' . (7) 

The time-dependent decay rate then allows us to extract \A\, \A\ and lm{A*A), i.e. the magni- 
tudes of A and A, as well as their relative phase. 

In the examples which follow, we will adopt this notation, in which the mixing phase 
has automatically been absorbed into the decay amplitudes. 



2.1 ^ K^K^ 

The decay B^ — > K^K^ is a pure b ^ d penguin. The study of the time-dependent decay 
rate for this decay allows one to obtain the three quantities 1^41, 1^41 and lm.{A*A), where 
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A = e'^A{B^ K^K^) and A = e~'^A{B^ -> K^K^). However, it is straightforward to show 
that this information alone does not allow us to extract any of the theoretical parameters in 
the amplitudes. 

Since the decay is pure penguin, the CKM ambiguity allows us to write the amplitude 
A in a variety of ways. Since we are interested in measuring the weak phase of the t-quark 
contribution to the b ^ d penguin, we will keep the V^lVtd piece of the amplitude. Suppose 
that we eliminate the V*i,Vud piece. The amplitude A can then be written 



A = e'f 



= Vcu e'^^- e'f^ + Vtu e'"''" e"^^'^^ . (8) 

The quantities and 5t„ are strong phases; only their difference is measurable. Also, in the 
presence of new physics, the phase of B^-B^ mixing may not be the same as that of the t-quark 
contribution to the b ^ d penguin. We have allowed for this possibility by writing the weak 
phase of the penguin as P' in the first line. The new-physics phase is defined as 9np = (3' — [3. 
Measuring the phase of the t-quark penguin contribution then is equivalent to measuring Of^p. 
The A amplitude can be obtained from the above equation simply by changing the signs of the 
weak phases (3 and Oj^p. 

From this expression we can count the number of theoretical parameters. There are five: 
/?, ^ATp, Vcu, Vtu and 5cu — ^tu- Since we have 3 measurements in 5 unknowns, it is impossible 
to solve for these parameters. In particular, one cannot obtain 9,^ p. We can improve things 
slightly by noting that /5, which is the phase of B^-B^ mixing, can be independently measured in 
Bd{t) J/^Ks. However, this still gives us one more unknown than there are measurements. 

If we had instead eliminated the V*^cd piece, this conclusion would not change. Including 
now the independent measurement of a (say in -B^l*^) ~^ vr+vr^), we would still be left with 4 
measurements in 5 unknowns. 

In light of the CKM ambiguity it was to be expected that we would be unable to cleanly 
extract Qt^p. However, the point that we wish to stress here is that there is only one more 
unknown than there are measurements. 

2.2 Isospin Analysis of 5 ^ tttt 

The decay mode which is usually associated with the measurement of the CP angle a is B^^ii) — >■ 
7r"^7r~. A decade ago it was noticed that b ^ d penguin contributions, if large, can spoil the 
clean extraction of a @, 11]. This is often referred to as "penguin pollution." Shortly thereafter. 



a method was proposed for removing the penguin pollution. This method was based on the fact 
that the amplitudes for the decays —>■ tt+tt^, —>■ -n-^n^ and B^ —>■ n^ir^ form a triangle 
in isospin space [1^ . 



In general, the decay B^ 7c~^tt~ receives contributions from a tree diagram and a 
b d penguin diagram. Using unitarity to eliminate the V*fjVcd piece of the penguin diagram, 
we can write 

x/2 L J 

= T^-e'^''~ e-''^ + Pe'^''e~'^''P . (9) 

In the above the T"'"~e*'^^ term includes the w-quark piece of the penguin amplitude, and 5~^~ 
and 5^^ are strong phases. 

The amplitude is obtained from the amplitude by changing the signs of the 
weak phases a and 9^p. If there were no penguin contributions (i.e. P = 0), then we would 
have Im(A+^*yl+^) ~ sin2Q;, so that we could obtain a clean measurement of a. However, if 
P 7^ 0, then the phase probed in \m.{A^^* A^') is clearly a complicated function of a and the 
other parameters. Thus, a can no longer be extracted cleanly. 

The situation can be improved by using an isospin analysis. Isospin relates the amplitude 

for B^ — > TT^vr^ to the amplitudes for B^ tt'^tt^ and B^ — * vr^vr": 

1 A+- + = , (10) 
v2 

with a similar triangle relation for the conjugate decays: 
The amplitudes A^^ and A^*^ can be explicitly written as 

^00 ^ rpOQ ^i5°° ^-ia _ p^iSp^-idMP 

+0 _ \rr+-^i5+- ^ r°°e''^'''l e-'" , (12) 



A 



where again is a strong phase, and only the difference of strong phases is measurable. The 
A amplitudes are again obtained from the above expressions by changing the signs of the weak 
phases. 

The angle a can then found as follows. The magnitudes of the six amplitudes 
\A^^\, l^"*""!) I^"*""!) \AP^\ and l^""], can be measured experimentally. We can therefore con- 
struct the A- and A-triangles [Eqs. (|T0|) and (0)]. In addition, Im(A+^*A+^) gives the relative 
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phase between the A~^~ and A"^" amphtudes, thereby fixing the relative orientations of the A- 
and A-triangles. The key point is that this then fixes the relative orientations of the A'^^ and 
y4~° amplitudes. But the relative phase of these two amplitudes is just 2a. Thus, the isospin 
analysis allows one to remove the penguin pollution and cleanly extract a. (In fact, there are 
discrete ambiguities in the above procedure, but they are not our concern here.) 

Although it is nice to be able to obtain a cleanly, the question which we wish to explore 
in this paper is: can we get more? In particular, is there enough information to also extract 
Opfpl It is straightforward to show that the answer is no. 

First, we note that there are a total of 7 parameters which appear in the theoretical 
expressions for the amplitudes: a, 9np, T~^~, r°°, P, A^" = 6^^ — 6^ and = 5"° — 6p. 
Experimentally, at best one can measure the magnitudes and relative phases of the six A and A 
amplitudes, giving 11 measurements. However, due to the A and A triangle relations, the four 
measurements involving the A^^ and A^^ amplitudes are not independent. Furthermore, we have 
\A'^^\ = \A^^\. Thus, of the 11 measurements, only 6 are independent. With 6 measurements 
in 7 unknowns, one cannot solve for Oj^p. 

Again, given the discussion of the CKM ambiguity, this was to be expected. However, 
as before, we find that there is only one more unknown than there are measurements. 

2.3 Dalitz Plot Analysis of 5 ^ Stt 

An alternative way to cleanly extract a in the presence of penguin contributions is to study the 
Dalitz plot of B'^it) tt^tt^tt^ decays ||13[. This final state can be reached via the intermediate 
states p^TT^, p^TT^ and p^n^. It is the interference between these intermediate states which 
allows one to remove the penguin pollution and cleanly obtain a. 

In this method, it is the B pn amplitudes which are the key ingredients. Isospin 
allows one to relate neutral B ^ pn decays to charged B ^ pir decays. Defining 



^1 


= e'^V2A{B^ 






= e'^V2A{B^ 


- ^ p%+ 


^3 




P+TT") , 


^4 


= e'^AiB',^ 




55 
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one can form an isospin pentagon: 

Si + S2 = Ss + S^ + S^ . (14) 

As in the B ^ tttt case, there are in general both tree and b ^ d penguin contributions to 
B ^ piT decays. Ehminating again the V^^^rf piece, the above amphtudes can be written 
exphcitly as follows |[T3[] : 



^1 












^3 




-ia _|_ Pj^g*'5ig~*^iVP 


^4 


= T-+e'^'^e 


-ia _ p^Q^^^Q-^^NP 


^5 







There is a similar pentagon relation for the conjugate amplitudes: 

5l + ^2 = ^3 + ^4 + 55 , (16) 

in which the Si amplitudes can again be obtained from the S amplitudes by changing the signs 
of the weak phases a and 6^p. 

The Dalitz plot of the tt+tt^tt'^ final state contains enough information to determine the 
magnitudes and relative phases of the six amplitudes 6*3, 6*4, 6*5, 5*3, 5*4 and 6*5. One can then 
obtain a via 

_U R. ^ 

. (17) 



53 + 5*4 + 5*5 

As in the B ^ case, one can again show that there is not enough information to 
extract Oj^p. There are a total of 13 theoretical parameters: a, ^jvp, 6 T and P amplitudes, 
and 5 relative strong phases. Experimentally, one can determine the magnitudes and relative 
phases of all S and S amplitudes {Si, S2, Si and 5*2 can be obtained from an analysis of the 
Dalitz plot of TT^TT^Ti^). Thus, there are nominally 19 measurements. However, 

• Due to the 5* and S pentagon relations, the amplitudes 5*5 and 5*5 are not independent. 
This removes 4 measurements. 

• We have the equality |S'i + S'2| = jS*! + S'2|. This removes one more measurement. 



It is easy to verify the complex equality 

5*3 — 5*4 — 5*1 5*1 + 5*2 

5*3 — 5*4 — 5*1 5*1 + 5*2 

This removes 2 more measurements. 



(18) 
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Thus, of the 19 measurements, in fact only 12 are independent. Since there are 13 
unknowns, we cannot solve for 6'jvp, as per the CKM ambiguity^. And, as in the B ^ case 
there is one more unknown than there are measurements. 

2.4 Angular Analysis of B ^ VV Decays 

Consider the case where a neutral B meson decays to a final state consisting of two vector 
mesons V. Due to the fact that this final state does not have a well-defined orbital angular 
momentum, it cannot be a CP eigenstate. However, it is possible to disentangle the CP-even 
and CP-odd components of the VV state through a helicity analysis of the decay products of 



the mesons 14 



The amplitudes for a neutral B or B meson to decay into a pair of vector mesons can 
be written as 

A{B^VV2) = E AxCxfx, 

A={0,±,||} 

A{B^VV2) = VcP E Mlfx, (19) 

A={0,±,||} 

where the fx are the coefficients of the helicity amplitudes written in the linear polarization 
basis; the fx depend only on the angles describing the kinematics. The factor (x has been 
introduced to account for the fact that the P-wave amplitude A± is CP-odd, while Aq and A\\ 
are CP-even. Thus, Ca = 1 for A = {0, ||} and Ca = for A =_L. The intrinsic CP parity of the 
Aq final state is defined as rjcp. 

The quantities which appear in the time-dependent decay rate [Eq. (^] are 

\A\' = Y.AxA:CxCfxfa, (20) 

A,cr 

\A\' = Y^AxA:CxUxf., (21) 

A,lT 

and 

A*A = J2A*xA^CxCfxf.. (22) 

A,(T 

Using Eqs. (pOD -(p2D, Eq. (||) can be rewritten as 

T{B%t) ^ /) = e-^* E (^A. + Sa. cos(AMt) - px. sin(AMt)) fxf. , (23) 

A<(7 



^We note that this contradicts one of the conclusions of Ref. ||l3| . The authors of Ref . ||T^] concede that this 
particular point is in error in their paper. We thank Helen Quinn for discussions of this matter. 
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where the summation is done reahzing the fact that /a/o- cannot be distinguished from fafx in 
an angular analysis. The quantities appearing in the above equation are defined as 



\Ax\'+\A 



Aaa = , (24) 

Aa. = Re(^A^:cAC+^A^:ac.) , A^a, (25) 



|2 



Saa = (26) 
S,. = Re(A^:CAC-^A^:CAC) , A^^a, (27) 



= lm[AlAxCf) , (28) 
PA. = Im((^*X + ^:^A)aC) , A^a. (29) 



We remind the reader that we have adopted a notation in which the mixing phase q/p has been 
absorbed into the decay amplitudes A\ and ^a- 

It is clear from Eqs. (El)- (123) that 18 quantities can be measured. However, it is equally 



clear that only 11 of these observables are independent. The fundamental quantities are the 
six amplitudes ^a and ^a, A = 0, ±, ||. The most one can measure is their magnitudes and 
relative phases, for a total of 11 independent measurements. And in fact, it is straightforward 
to show that the observables in Eqs. (|2^)-(p9D suffice to measure these 11 quantities, up to a 
two-fold discrete ambiguity in the relative phases. 

What can we learn from this information? For definitiveness, let us consider the pure 
b —>■ d penguin decay K*K*, which is quite similar to the previous decay K^K^. 

Using CKM unitarity to eliminate the V*iyud piece, the helicity amplitudes can be written 

Ax = Pie'^^e'^ + Vte'^'-e-"^^^ . (30) 

As usual, the ^a amplitudes are obtained by changing the signs of P and O^p in the above 
expression. 

We can now count the number of theoretical parameters in the decay amplitudes. There 
are 13: /?, 6'jvp, 6 V magnitudes, and 5 relative strong phases. Assuming that /? is independently 
measured, this still leaves 12 measurements in 13 unknowns. Once again, we cannot obtain 6,^p 
cleanly. And once again, there is one more theoretical unknown than there are measurements. 



2.5 Isospin + Angular Analysis of B ^ pp Decays 

As a final example, one can imagine combining isospin and angular analyses. Consider the decay 
B^ — » p~ . The p^ p~ final state is not a CP eigenstate. An angular analysis can distinguish 
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the CP-even piece from the CP-odd piece by separating out the three hehcities. That is, we 
could obtain the magnitudes and relative phases of the amplitudes (A = 0, _L, ||), along 

with the corresponding conjugate amplitudes , where 

^ A+- = T+'e'^t'e-'" + Pxe'^Pe-'^""- . (31) 
v2 

However, as in the — > 7r"'"7r~ case, in the presence of penguin contributions, this is not 
enough to obtain a cleanly - an isospin analysis is also necessary. 

Imagine, then, that an angular analysis were also performed on the decays B^{t) — > p^p^ 
and S+ P^P^- We could then also obtain the amplitudes A^^, along with their conjugate 
amplitudes. These amplitudes can be written as 

= [r+-e^^^"+rfe<°]e-^V (32) 

The Ax amplitudes are obtained by changing the signs of the weak phases. The helicity ampli- 
tudes form isospin triangles: 

i=^+-+^oo ^ ^+o^_l^^-,-+^oo^^-o_ (33) 

There are thus 6 isospin triangles involving 18 amplitudes. 

From the above, we see that there are a total of 19 theoretical parameters: a, Omp-, 9 
magnitudes {T^~ , -Pa), and 8 strong- phase differences. Experimentally, the magnitudes 
and relative phases of all 18 amplitudes can be obtained, giving a total of 35 measurements. 
However, not all measurements are independent: 

• Due to the isospin triangles, the amplitudes and A™ are not independent. This 
removes 12 measurements. 

• We have 

4+0 

T^ = e-2- , A = 0,±,||. (34) 

^A 

Thus, the magnitudes of A\^ and A^^ are equal, as are their relative phases, for the 
helicities A = 0, _L, ||. This removes an additional 5 measurements. 

We therefore find that we have a total of 18 independent experimental measurements, but 
19 theoretical unknowns. Although we can cleanly find the CP-phase a, we cannot determine 
any of the remaining parameters, including Oj^p. 
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3 Resolving the CKM Ambiguity 



In the previous section, we showed that, due to the CKM ambiguity, it is not possible to cleanly 
measure the weak phase of a penguin amplitude. Indeed, in all the examples considered, we 
found that there were more theoretical parameters than measurements, in agreement with this 
result. However, what is interesting about the study of these examples is that in all cases there 
was only one more unknown than there were measurements. Although we did not present a 
proof, the result appears to be very general. 

This result indicates something quite useful: if we wish to test for the presence of new 
physics in the b d FCNC by comparing the weak phase of B^-B^ mixing with that of the 
t-quark contribution to the h ^ d penguin, it is necessary to make a single assumption about 
the theoretical (hadronic) parameters describing the decay. This assumption will hold in only 
one parametrization of the decay amplitude, and will therefore resolve the CKM ambiguity. 
Furthermore, the requirement of a single theoretical assumption holds regardless of which type 
of method is used. 

In this section, we present several examples which show explicitly how a theoretical 
assumption allows one to extract the weak phase of the t-quark contribution to the h d 
penguin, thereby enabling one to test for the presence of new physics in the b ^ d FCNC. 



3.1 B%t) K^K^ and B^^{t) (j)Ks 

As mentioned in the introduction, 5° K^K^ and B^ (pKg are pure b d penguin decays. 
It was recently shown in Ref. |T3[ that, by measuring the time-dependent decay rates for these 
processes, and adding a theoretical assumption, together these decays can be used to measure 
the weak phase of the t-quark contribution to the b d penguin. 

The amplitude for B^ — > K^K'^ was given in Eq. (^) and is repeated for convenience 

below: 

AY' = Vcu e'^^" e"^ + Vtu e'"^'" e-'^^'"^) , (35) 

where (3 is the weak phase of B^-B^ mixing and (3' is the weak phase of the t-quark contribution 
to the b ^ d penguin. 

The amplitude for 5° — * <pKs can be written 

Af" = Vcu e'^™ + Vtu e'^*" e-'"' , (36) 
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where we have assumed that there is no new physics in B^-B^ mixing. (As discussed previously, 
it is possible to directly test for the presence of such new physics. If it turns out that there is 
new physics in B^-B^ mixing, it can be included straightforwardly in the above equation.) 

Comparing the above two equations, one immediately notes that the parameters in 
Eq. ( p6D are written with tildes compared to those in Eq. ([351) . There are several reasons. First, 
there is a different spectator quark in the two decays. Second, the decay B^ 4>Ks receives 
additional contributions from electroweak penguins and Zweig-suppressed gluonic penguins. 
And third, the decay B^ K^K^ has two pseudoscalars in the final state, while 5^ — > (pKg 
has a vector and a pseudoscalar. Because of these differences, we expect that the parameters 
in Eq. (|35| ) are not equal to their counterparts with tildes in Eq. (|36|). 

There are thus a total of 8 unknowns in the two amplitudes: /5, Vcm Vcu, Vm, Vtu, 
^cu — ^tu, and 6cu — ^tu- However, there are (as usual) only 7 measurements: the magnitudes 
and relative phase of A^'^ and the magnitudes and relative phase of and ^5^, and 

the weak phase in B^-B^ mixing, f3. 

The number of theoretical unknowns can be made equal to the number of measurements 
by making an assumption. In Ref. it is assumed that r = r, where r = Vcu/'Ptu and 



r = Vcu/'Ptu- The uncertainty on this assumption is estimated to be fairly small: 

~ 20% . (37) 

r 

Thus, taking r ~ f is a reasonably good approximation. With this assumption, we now have 7 
measurements in 7 unknowns, and we can therefore solve for /? and /?' separately, up to discrete 
ambiguities. (The explicit solution is given in Ref. |jl5[-) A comparison of f3 and (3' may then 
reveal the presence of new physics in the b ^ d FCNC 

3.2 Isospin Analysis of B —> tttt 

In Sec. 2.2 we discussed how an isospin analysis of i? ^ tttt decays allows one to remove the 
penguin pollution and cleanly extract a. However, there are not enough measurements to 
obtain further information about the remaining theoretical parameters. We had 

1 

72- 

= T+-e^''^"e^° + Pe^^^e^^'^^ . (38) 

Defining 

2«,;y = Arg(A+-*A+-) , (39) 
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we therefore have 3 measurements (1^4+ |, 1^4+ |, 2aeff) in 4 unknowns (r+ , P, 6^ — 6p, 

Onp)- 

Suppose that we knew the value of P/T~^~. This could come, for example, from a 
theoretical estimate or a lattice calculation. In this case, we can solve for 6^p. One can derive 
the following expressions [p!6[| : 

p2 _ l^+'P + - 2|A+-p+-| cos(2a - 2ae//) 

8 sin^ (a — ^^rp) 
_ + - 2|A+-p+-| cos(2g^p - 2ae//) 

Thus, if we assume a particular value of the ratio P/T^^ , these expressions allow us to derive 
6pfp in terms of known quantities. And we again stress that the assumption about the value of 
P/T^~ holds only within a particular parametrization, thus lifting the CKM ambiguity. 

3.3 Angular Analysis of B^t) K*K* 

In Sec. 2.4, the decay B'^ K*K* was discussed in the context of an angular analysis. The 
helicity amphtudes were 



-™NP 



Ax = Pi e*'- e-'^ + Vt e*'*" e''''^ , (41) 

where A = 0, _L, ||. The helicity analysis allows the extraction of the magnitudes and relative 
phases of all the and A\ amplitudes. 

In order to extract 9r^p, it is possible to use one of the techniques described in the 
previous subsections. However, one might also consider an alternative method involving the 
strong phases. Defining 6^ = 5^ — 6^^, suppose we assume that the 5'^'s are the same for all 
helicities. This assumption is somewhat in the spirit of Bander, Silverman and Soni (BSS) ||17|| , 
in which the strong phases arise principally from the absorptive parts of the loop diagrams, 
and so are independent of the helicity of the final state. 

We can then solve for 9mp as follows. We define the measurable quantity v^g^j as 

2^^^^=Arg(^lACr) • (42) 
Then we can solve for 5^*" as a function of 9pfp |16|: 



tan S 



A 





sin(/3 + 9 


NF 










cos(/3 + Bisfp) 






1 


-2|^aMa 


cos 


'Mff + P-9^p) 
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tan(/3 + 6mp)^xx ^^^-^ 



Axx - ^Alx - Si, (cos(2<^^^^ + 2(3) + tan(/? + 6^,) sin(2v9^^^ + 2, 



where Aaa and Saa are defined in Eqs. (|2^) and (|26|) . Assuming that 5''* = 5'^, where A and 
a represent different helicities, the above equation allows one to solve for O^^p in terms of 
measurable quantities only. Of course, the solution will contain discrete ambiguities, but it will 
still be possible to establish whether 9pfp is nonzero. 

We must point out here that, although the assumption of a common 6^ for all helicity 
amplitudes does allow us to obtain 6pfp, its theoretical justification is problematic. From Eqs. (Q) 
and (|30D, recall that 

Ke^'^- = rn'le''^ - \P::\e''h\V;M . (44) 



In the BSS calculation the details of the calculations of the penguin diagrams are inde- 
pendent of the helicity of the final state. In particular, the strong phases 6^ {i = u, c, t) are 
in fact A-independent. Furthermore, the factors \P^\ {i = u,c,t) can each be written as a 
A-independent penguin piece multiplied by a common A-dependent matrix element. In this 
case, it is straightforward to verify that, indeed, the strong phase 6^ is the same for all helicity 
states. 

However, there is also a problem: the only A dependence of the amplitudes Ax and 
Ax in Eqs. (^l]) is the presence of this overall multiplicative common matrix element. And 
this matrix element cancels in all ratios involving Ax and/or Ax- In particular, ratios such 
as Saa/Aaa are in fact X-independent. But this implies that the right-hand side of Eq. (|43|) is 
actually independent of A, so that the technique does not work. 

The only possible loophole in the above argument is that the BSS calculation makes 
use of factorization. If non-factorizable effects are large — and they may well be for penguin 
diagrams — then there may not be a common A-dependent matrix element for each of the \P^\ 
factors. In this case, the helicity dependence of ^a and ^a is considerably more complicated 
than a simple multiplicative factor. On the other hand, in general the strong phases 6^ will 
then not all be equal. 

Thus, in order to justify the assumption of a common 6^ for all helicity amplitudes, one 
must hope that non-factorizable effects exist which give different matrix elements for the various 
internal-quark contributions, but nevertheless give the same 5'*' for all helicities. Although this 
is a logical possibility, it must be admitted that it seems implausible. 
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4 Conclusions 



In the coming years, many measurements will be made of CP violation in the B system. 
Hopefully these measurements will reveal the presence of new physics. Although this in itself 
will be very exciting, we will then want to know what kind of new physics it is, and how it has 
affected the CP asymmetries. 

New physics generally can affect CP-violating asymmetries through its effects on loop- 
level processes, such as B^-B^ mixing or penguin decays. It is then useful to categorize these 
effects as belonging to the 6 — * s or the h ^ d flavour-changing neutral current (FCNC). 
Although there are several ways to cleanly test for the presence of new physics in the b —>■ s 
FCNC, it is not so easy to do this for the b ^ d FCNC. 

In the SM, the weak phase in B^-B^ mixing is the same as that found in the t-quark 
contribution to the b ^ d penguin amplitude. In the presence of new physics, these two phases 
may be different. The question then is: can one measure the phase of the penguin amplitude? 
In this paper we have shown that it is not possible to cleanly measure this phase. The reason 
is essentially the following. There are three contributions to the b ^ d penguin, coming from 
internal u, c and t-quarks. However, due to the unitarity of the CKM matrix, it is always 
possible to write any one of these contributions in terms of the other two. We call this the 
"CKM ambiguity." It is therefore not possible to isolate the t-quark contribution, and so one 
cannot cleanly measure its weak phase. 

We have explicitly analyzed several methods which could conceivably have been used to 
try to obtain the weak phase of the t-quark contribution to the b —>■ d penguin, and found that, 
indeed, there is not enough information to extract the phase of the t-quark penguin. 

However, in performing this analysis, we have also obtained an interesting result: in all 
cases there is one more theoretical (hadronic) unknown than there are measurements. Thus, 
the addition of a single assumption about the hadronic parameters, which removes the CKM 
ambiguity, allows the extraction of the weak phase of the t-quark penguin. This can then be 
used to test for the presence of new physics in the 6 — > (i FCNC. We have given several examples 
of methods, along with the corresponding assumptions, in which this can be done. 



Note Added: while we were writing this paper, we received a paper by R. Fleischer 18 which 
discusses some of these same issues for the specific case of the angular analysis in B ^ VV 
decays. 
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